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Abstract. In this paper we introduce a new class of metric ac- 
tions on separable (not necessarily connected) metric spaces called 
"Cauchy-indivisible" actions. This new class coincides with that of 
proper actions on locally compact metric spaces and, as examples 
show, it may be different in general. The concept of "Cauchy- 
indivisibility" follows a more general research direction proposal 
in which we investigate the impact of basic notions in substan- 
tial results, like the impact of local compactness and connectivity 
in the theory of proper transformation groups. In order to pro- 
vide some basic theory for this new class of actions we embed a 
"Cauchy-indivisible" action of a group of isometries of a separable 
metric space in a proper action of a semigroup in the completion 
of the underlying space. We show that, in case this subgroup 
is a group, the original group has a "Weil completion" and vice 
versa. Finally, in order to establish further connections between 
"Cauchy-indivisible" actions on separable metric spaces and proper 
actions on locally compact metric spaces we investigate the rela- 
tion between "Borel sections" for "Cauchy-indivisible" actions and 
"fundamental sets" for proper actions. Some open questions are 
added. 



1. Introduction 

We begin with a brief summary of a research proposal, that will be 
published in more details elsewhere. 

The History of Mathematics indicates that during the IQ*'^ century 
the mathematical creativity lived a quantitative and -mainly- a qualita- 
tive explosion, which is initiated and developed by a critical renovation 
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of notions and procedures that have being initiated the foregoing cen- 
turies. Our period can be characterized as one where we understand 
deeper and broader the achievements of the 19^^ century, as it was 
the few decades before the beginning of the 19*'^ century when 

the fundamental notions began to be clarified. These remarks led to a 
research direction which -roughly speaking- amounts to the following 
general requirement: Walking towards the origins of the 19*'* century, 
try to critically understand the impact of functionally crucial assump- 
tions in substantial results, preferably within composed frames, there- 
fore frames which work broadly in Mathematics and their applications. 
Such a frame is, certainly, that of Topological Transformation Groups 
with applications, for instance, in Topology, Geometry and Physics. 

The above research direction led to [9j, where the impact of "prop- 
erty Z" (: every compact subset of the underlying space is contained in 
a compact and connected one) in the main result of [1] is investigated. 
The main result of [9] is that, in almost all cases, under the restrictive 
"property Z" was hidden that, without assuming this property, there 
always exists a maximal zero- dimensional compactification of the un- 
derlying space which does the same job as in [T], that may be different 
from the (absolutely maximal) end-point compactification considered 
in [1], and coincides with it, among others, if "property Z" is satisfied. 

In the paper at hand, within the same research direction and hav- 
ing in mind the fruitful theory of proper transformation groups on 
locally compact and connected spaces, we propose an analogous class 
of actions, not necessarily proper, without assuming local compactness 
and connectedness of the underlying spaces. So, we introduce a new, 
rather natural, class of metric actions on separable (not necessarily 
connected) metric spaces called "Cauchy-indivisible" . Note that the 
isometric actions constitute nowadays an important part of the theory 
of proper actions and that the group of isometries of a locally compact 
and connected metric space acts properly on it. 

As the following definition shows, "Cauchy-indivisible" actions are 
characterized by an ^Hsotropic" behavior of divergent nets of the acting 
group with respect to the basic metric notion of a "Cauchy sequence" . 
Recall that "zj — )■ cxd in Z" means that the net {zi} does not have any 
convergent subnet in the space Z. 

Definition 1.1. Let {G,X) be a continuous action of a topological 
group G on a metric space X. The action is said to be Cauchy- 
indivisible if the following holds: If {gi} is a net in G such that Qi ^ oo 
in G and {gix} is a Cauchy net in X for some x e X then {gix} is a 
Cauchy net for every x G X. 
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It turns out that a Cauchy-indivisible action on a locally compact 
or complete metric space is proper and vice versa (cf. §3), and that 
in general the two notions may differ (cf. §4). In both cases the un- 
derlying space is not assumed to be connected. The omission of this 
assumption in the locally compact well the omission of the 

local compactness in the main part of the paper at hand is an advan- 
tage coming from the fact that Cauchy-indivisibility essentially reflects 
the global behavior of selfmaps of X comparing to local properties or 
the connectedness of the underlying space. So we can generalize the 
framework of proper actions and go beyond, in accordance to our re- 
search direction proposal, provided that this new framework leads (a) 
to interesting results in the non locally compact case and (b) enables 
a better understanding of proper actions on locally compact spaces. 

Concerning requirement (b) we note that in Theorem 13.31 we give 
an answer to the open question of characterizing proper actions on 
non-connected locally compact metric spaces and in Theorem 17.41 we 
establish an interconnection between Borel sections (which occur in 
Cauchy-indivisible actions on separable spaces, cf. Proposition 17. ip 
and fundamental sets that characterize proper isometric actions. Recall 
that a section of an action {G, X) is a subset of X which contains only 
one point from each orbit. A Borel section is a section that is Borel 
subset of X (e.g. useful in measure theory). 

Theorem (Theorem 17. 4p . Let G be a locally compact group which acts 
properly on a locally compact space X , and suppose that the orbit space 
G\X is paracompact. Let S be a section for the action {G,X). Then 

(i) For every open neighborhood U of S we can construct a closed 
fundamental set Fc and an open fundamental set Fo such that 
F.CFoC U. 

(ii) //, in addition, {X, d) is a separable metric space, in which case 
the action (G, X) is Cauchy-indivisible, then there exists a Borel 
section Sb, which is also a fundamental set, such that Sb C 

C F„ C U. 

Note that Sb in (ii) of the above theorem, is a "minimal" fundamen- 
tal set, because of its construction, and as such may lead to applica- 
tions. 

The new notion "like properness" seams to be suitable for structure 
theorems, as our first results indicate. Concerning requirement (a) 
above, in §5, which is the main part of the paper at hand we consider 
a separable metric space {X, d) such that the natural evaluation action 
of the group of isometrics Iso{X) on X is Cauchy-indivisible. Let X 
denote the completion of (X, d) and let E be the Ellis semigroup of the 
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lifted group Iso{X) in C{X,X), i.e. the pointwise closure of Iso{X) 
in C{X,X). Let 

H = {h E C{X,X) I there exists a sequence {gn} C Iso{X) 

with — )■ oo in /so(X) and ^ — )■ /i in C(X,X)}, 

X; = {/ix I /i e X G X}, 

Xp = {hx\he Hn Iso{X), X G X}. 

With this notation and the previous mentioned assumptions, among 
other results we show that 

Theorem (Theorem I5.12p . The set X U Xp is the maximal subset of 
X U X; that contains X such that the map 

w : E X (X U Xp) ^ (X U Xp) X X 

with u{f, y) = {y, fy), f E E and y E X U Xp is proper. 

The interest on this theorem lies on the fact that an action {G, X) 
is proper if the map G x X — )■ X x X defined by {g, x) H- (x, gx) is 
proper, cf. [21 Definition 1, p. 250]. 

We remind that a topological group has a Weil completion with re- 
spect to the uniformity of pointwise convergence if it can be embedded 
densely in a complete group with respect to its left uniform structure. 

Proposition (Proposition 15. 16j l . The following are equivalent: 

(i) The map 

u : E X (XUXi) ^ (XUXi) X X 

is proper. 

(ii) E is a group (precisely a closed subgroup of Iso{X)). 

(iii) Iso{X) has a Weil completion. 

Corollary (Corollary I5.18p . If E is a group the action (/so(X),X) 
is embedded densely in the proper action {E,X U X^) such that the 
following equivariant diagram commutes 

(/so(X),X) -X 

(E,XUXi) -X 

where X ^ X U Xi is the inclusion map and the map Iso{X) — )■ E 
is defined by g v-^ ^ for every g G Iso{X). By the word "densely" we 

mean that X is dense m X U X; and Iso{X) is dense in E. 
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The above result may lead to further structure theorems, cf. Ques- 
tion 

Proposition (Proposition 17. ip . // the Ellis semigroup E is a group 
then the action {E,X U Xi) has a Borel section. 

As Theorem I7.4( ii) mentioned above indicates, the notion of a Borel 
section, which according to the above result is a feature of the Cauchy- 
indivisible actions on separable metric spaces, is remarkably related to 
that of a fundamental set in the locally compact case and may be, sim- 
ilarly, used for structural theorems. So, it is interesting to ask whether 
the existing Borel section for the action {E, X U Xi) can be reduced to 
a Borel section for the initial action (/so(X),X), cf. Question 17. 6[ 

In order to indicate or to exclude possible directions for further inves- 
tigation concerning Cauchy-indivisible actions, we study various exam- 
ples, cf. Examples 15.131 15.15[ 15.211 and 17.31 Among them, an example 
that may be of independent interest, is the following (cf. §6): Consider 
the action (/so(Jso(Z)), /so(Z)), where Z is the discrete space of the 
integers, and with suitable metrics on the acting group IsolIsoCZ)) 
and the underlying space Jso(Z). We show that this action is proper 
and Cauchy-indivisible while the Ellis semigroup is not a group and 
/so(/so(Z)) has no Weil completion. 

2. Basic notions and notation 

For what follows, and in addition to the notation established in 
the introduction, {X, d) will denote a metric space with metric d and 
Iso{X) will denote its group of (surjective) isometries of X endowed 
with the topology of pointwise convergence. With this topology Iso{X) 
is a topological group [3i Ch. X, §3.5 Corollary]. Let (X, stands for 
the completion of (X, d). For a Cauchy sequence {x„} in X let e X 
denote the limit point of {xn} in X. We denote by g and Iso{X) the hft 
oi g & Iso{X) and the lift of the group Iso{X) respectively in C{X, X), 
the space of the continuous selfmaps of X (which is considered with 
the topology of pointwise convergence). 

A continuous action of a topological group G on a topological space 
X is a continuous map G x X — X with [g, x) i— )■ gx, g & G,x & X 
such that (e, g) t— )■ x, for every a; G X where e denotes the unit element 
of G, and {h, {g, x)) {hg)x for every h,g & G and x G X. When the 
action map is known we will denote the action simply by (G,X). Let 
U G X, then GU := {gx \ g E G,x E U}. Especially, if U = {x} then 
the set Gx := G{x} is called the orbit of x G X under G. The subgroup 
Gx '■= {g ^ G \ gx = x} of G is called the isotropy group of x G X. The 
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natural evaluation action of Iso{X) on X is the map Iso{X) x X ^ X 
with {g,x) I-)- g{x), g e Iso{X),x e X and is denoted by {Iso{X),X). 
If we endow Iso(X) with the topology of pointwisc convergence this 
action is always continuous. As usual, S{x, e) will denote the open ball 

centered at x with radius e > 0. 

Definition 2.1. A continuous action {G,X) is (equivalently to the 
Bourbaki-definition) proper if J{x) = 0, for every x G X, where 

J{x) = {y & X \ there exist nets {xi} in X and {gi} in G 
with gi — )■ cxDjlirnxj = a; and limgiXi = y} 

denotes the extended (prolongational) limit set of x e X. 

It is easily seen that in the special case of actions by isometries 
J{x) — L{x) holds for every x & X, where 

L{x) — {y e X \ there exists a net {gi} in G 
with gi ^ oo and lim giX — y}, 

denote the limit set oi x E X under the action of G on X. Hence an 
action by isometries (G, X) is proper if and only if L{x) — for every 
x^X. 

3. Cauchy-indivisibility and proper actions on locally 
compact metric spaces 

In this section we show that for group actions on locally compact 
metric spaces the notions of properness and Cauchy-indivisibility coin- 
cide. We start with the following easily proved observation. 

Lemma 3.1. Let (X, c?) he a locally compact metric space and {g.i} C 
Iso{X) he a net such that {g^x} is a Cauchy net for some x & X. Then 
there exists a point y E X such that gix — )■ y. 

Proposition 3.2. Let (X, d) he a locally compact metric space. The 
action (/so(X),X) is proper if and only if it is Cauchy-indivisihle. 

Proof. Assume that (/so(X),X) is Cauchy-indivisible. We will show 
that the limit sets L{x) are empty for every x G X. Assume the 
contrary, that is there exist a net {gi} in Iso{X) and x,y G X such that 
g^i — >■ oo and giX — >■ y. We will show that gi ^ h for some h G Iso{X), 
which is a contradiction to the assumption gi — )■ oo. Since (/so(X), X) 
is Cauchy-indivisible then {gix} is a Cauchy net, for every x E X. 
Therefore, by the previous lemma, there is a map /i : X — >■ X defined by 
h{x) :— y such that gi ^ h pointwise on X and h preserves the metric d. 
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Observe that g^^y — )■ x since d{g^^y,x) = d{y,gix). Applying Cauchy- 
indivisibility for the action {Iso{X), X) and the previous lemma again, 
we conclude that there exists a map f : X X such that g^^ — )• / 
pointwise on X and / preserves the metric d. Obviously / is the inverse 
map of h, hence h G Iso{X). 

The converse implication follows easily in a similar way. □ 

If X is locally compact and G acts properly on X (hence G is a 
locally compact group), it is well known, see e.g. [8], that there exists 
a G-invariant compatible metric on X. Compatible means that this 
metric induces the topology of X. Hence, the previous proposition 
states the following result that characterizes the properness of actions 
on locally compact metric spaces independently of the connectedness 
of the underlying space. 

Theorem 3.3. Let {X, d) he a locally compact metric space. An action 
{G,X) is proper if and only if it is Cauchy-indivisihle. 

Remark 3.4. The previous theorem also holds, and can be similarly 
proved, if we replace the full group of isometrics of X by a closed sub- 
group of it or if we replace the local compactness of X by completeness. 

4. Cauchy-indivisibility vs properness 

In this section we provide examples showing that Cauchy-indivisibili- 
ty and properness are distinct notions for isometric actions on separable 
and non locally compact metric spaces. We also provide some criteria 
for the coexistence of Cauchy-indivisible and proper actions on the 
basis of the dynamical behavior of the lifting of the action (/so(X), X) 
in the completion of the underlying space. 

Remark 4.1. The example in §6 shows that the two notions may coexist 
also in the case when X is neither locally compact nor complete. 

The following example shows that the action (/so(X),X) can be 
proper and not Cauchy-indivisible. 

Example 4.2. Let X be the set Q of the rational numbers endowed 
with the Euclidean metric. It is easy to see that the action (Jso(X), X) 
is proper. Take a sequence of rational numbers {g„} such that g„ — )■ a, 
where a is an irrational. Let {(?„} C Iso{X) with gnX := (— + g„ 
for every x G X, then (7„ — )■ cxd in Jso(X). Since gn^ = qn for every 
n E N, the sequence {(7„0} is Cauchy. But for a; 7^ the sequence 
{gnx} has two limit points in M hence cannot be a Cauchy sequence. 

The following example shows that the action (/so(X),X) can be 
Cauchy-indivisible and not proper. 
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Example 4.3. Let X be the set Q+ N endowed with the Euchdean 
metric. Its group of isometries is Q acting by translations (reflections 
are excluded because of the addend a/2N). Therefore, (/so(X),X) is 
Cauchy-indivisible. However, the action {Iso{X),X) is not proper. To 
see that take a sequence of rational numbers such that g„ — )■ a/2. 
Let {gn} C Iso{X) with g^x := a; + g„. Observe that gn^\/2 -t- ^ X. 
Therefore (yf^ — > oo in Iso{X). Since gnV^ — > 2a/2 G X the limit set 
L{\/2) is not empty, so the action {Iso{X), X) is not proper. 

Motivated by these examples we give necessary and sufficient con- 
ditions for a Cauchy-indivisible action {Iso{X),X) to be proper and 
vice versa: 

Proposition 4.4. Let Iso{X) be Cauchy-indivisible. The following are 
equivalent: 

(i) The action {Iso{X), X) is proper. 

(ii) Ifh is in the pointwise closure of Iso{X) in C(X,X) then either 
h{X) CX orh{X) cX\X. 

Proof. Assume that the action {Iso{X), X) is proper and h is in the 

pointwise closure of Iso{X) in C{X,X). Then there is a net {^j} in 

Iso{X) such that cji h pointwise in X. If h{X) fl X 7^ then there 
is some x & X such that giX — )■ /ix G X. Since the action {Iso{X), X) 
is proper the net {gi} has a convergent subnet in Iso{X). Then it is 

easy to see that h G Iso{X), hence h{X) C X. 

Assume now that condition (ii) holds. We will show that the limit 
sets L{x) are empty for every x E X, hence the action {Iso{X), X) 
is proper. We will proceed by contradiction. Assume that there exist 
x,y E X and a net {g^} in Iso{X) with giX — )■ y and (7^ — )■ 00 in Iso{X). 
Since {gix} is a Cauchy net in X and Iso{X) is Cauchy-indivisible then 
{gix} is a Cauchy net for every x E X, hence {gix} converges in X 
for every x G X. So, we can define a map /i : X — )• X by letting 
hx := lim^jX. It is easy to see that h preserves the metric d on X. 
Thus, if w E X and {xn} C X is a sequence in X such that a;„ w in 
X then {/iXn} is a Cauchy sequence in X, hence it converges to a point 
in X which is independent of the choice of the sequence Then, by 

[21 Ch. I, §8.5 Theorem 1], the map : X — )■ X has a unique continuous 
extension on X. It is easy to see that cfi-^h pointwise on X, thus h 

is in the pointwise closure of Iso{X) in C(X,X). Since g^x — )■ y then 
hx = y where x,y E X. So using our hypothesis h{X) C X. Since 
(yfj preserves the metric d then gj^^y — > x. Using the same arguments 
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as before we have that h e Iso{X) hence the net {gi} converges in 
Iso{X), a contradiction to the assumption — )■ oo in Iso{X). □ 

Proposition 4.5. Assume that {Iso{X), X) is a proper action. The 
following are equivalent: 

(i) Iso{X) is Cauchy-indivisible. 

(ii) Let {gi} C Iso{X) a net with gi ^ oo and {gix} he a Cauchy 
net for some x & X . If y E X then the net {giy} can not have 
more than one limit point in the completion X of X. 

Proof. The direction from (i) to (ii) is trivial. If the converse imphca- 
tion does not hold, then there is a Cauchy net {gix} such that there 
is y e X, an £ > and subnets {gi,.y}, {giiy} of {giy} such that 
d{gii_y, giiy) > e for every index k,l. Since {gix} is a Cauchy net in X 
then we may assume that d{gii^x, giix) — )■ 0. Hence, d{g^^^giiX, x) 0. 
We can define a new net {hij} C Iso{X) by letting hij := gj^gi for 
every pair of indices with direction defined by {ii,ji) < (^2,^2) 

if and only if ii < ^2 and ji < j2- Therefore, hi^^i^x — )■ x. Since 
{Iso{X),X) is proper there is a subnet {^^^,1;^} and some g e Iso{X) 
such that hi|_,^^i^^ — )■ g. Hence {hi^^^i^^y} is a Cauchy net in X, there- 
fore for every > there exists an index mo such that 

d{97,lgn^y,9~l9n^y) < e' for every m,,n > m^. 

By taking m = n > mo it is easy to see that {gi^ y} is a Cauchy net 
and if we follow the same procedure we can also show that {gi^.^y} is 
also a Cauchy net. Since d{gii^^y, gi^^y) > e for every index m the net 

{giy} has two limit point in the completion X of X, a, contradiction to 
our hypothesis. □ 

5. Cauchy-indivisible isometric actions on separable 

metric spaces 

In this section {X, d) will denote a separable metric space such that 
the action {Iso{X),X) is Cauchy-indivisible. Firstly, we show the ad- 
equacy of sequences in the definition of Cauchy-indivisibility. 

Proposition 5.1. In the definition of Cauchy-indivisibility for isomet- 
ric actions nets can be replaced by sequences. 

Proof. Assume that if {gn} is a sequence in Iso{X) such that gn ^ 00 
and {gnx} is a Cauchy sequence in X for some x E X then {gnx} is a 
Cauchy sequence for every x E X. Let {fi} be a net in Iso{X) such 
that /j ^ 00 and {fix} is a Cauchy net in X for some x E X. We 
will show that {fix} is a Cauchy net in X for every x E X. We argue 
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by contradiction. Suppose that there exists y G X such that {/«?/} is 
not a Cauchy net. Hence, there is an e > and subnets {fi^}, {/i,} 
such that d{fi^y, fi^y) > e for every fc, /. Since {/jx} is a Cauchy net 
in X there is a point 2 G X such that fiX — )■ z. Hence, the subnets 
{fi^x}, {fiix} also converges to z. So we may find sequences {fi^^^x} 

and {fi^^x} such that fi,,^x — >• z and fi^^x — )■ z. Therefore, {fif.^x} and 
are Cauchy sequences in X and d{fi^^y, f^^y) > e for every 
n e N. Let C Iso{X) with 

^4n-3 = /ifc2„_i' ^4n-2 = /iij^.i , ^4n-l = fk^^ and /;,4„ = /j^^^ , 

n = 1, 2 . . .. It is easy to see that hnX z, hence {hnx} is a Cauchy 
sequence in X. Moreover, {hny} is not a Cauchy sequence in X since 
d{fi,,^y, fii„y) > ^ for every n G N and for the same reason /i„ — )■ 00 in 
Iso{X), which is a contradiction to our hypothesis. □ 

Definition 5.2. Fix a dense sequence D = {xi} C X in X. Since the 
metric is an equivalent metric to (i on X (also gives the same groups 

of isometrics on X and X and the same Cauchy sequences) we may 
assume that d is bounded by 1. We define 6 : Iso{X) x Iso{X) — )■ M"*" 
by 

00 ^ 

^if^9) = ^^i d{fxi,gxi) 

i=l 

for every f,gG Iso{X). It is easy to see that 5 is a left-invariant metric 
on Jso(X). 

Proposition 5.3. The uniformity of pointwise convergence, the left 
uniformity and the uniformity induced by 6 on Iso{X) and Iso{X) 
coincide, independently of Cauchy-indivisibility. 

Proof. The proof is similar to the proof of Lemma 2.11 in [B]. □ 

Proposition 5.4. The pointwise closures of Iso{X) in C{X,X) and 
of Iso{X) in CX, X) endowed with the metric 6 are separable metric 
spaces. 

Proof. It follows easily using the same arguments as in the proof of 
Lemma 2.11 in [6] and [21 Ch. X, §3 Exercise 6 (b), p. 327]. □ 

The following lemma will be used often in the sequel. 

Lemma 5.5. Let {gn} be a sequence in Iso{X) such that {gnx} is a 
Cauchy sequence in X for some x G X and gn ^ 00. Then 
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(i) {gnXn} is a Cauchy sequence for every Cauchy sequence 
in X . ^ 

(ii) If {xk} is Cauchy sequence in X then g^[xk] — [fi'fcXfc] in X. 

Proof, (i) The proof follows by the triangle inequality and the fact that 
{dnXno} is a Cauchy sequence, for suitable uq G N. 

(ii) By item (i), {gkXk} is a Cauchy sequence in X, hence [gkXk] G X. 
The rest of the proof is similar to that of item (i). □ 

Corollary 5.6. If {gn} is a sequence in Iso{X) such that gn — )■ c>o and 

{gnx} is a Cauchy sequence in X for some x E X , then {gn} converges 
pointwise on X to some h G C{X,X) which preserves the metric d. In 
addition, if {g^^y} is a Cauchy sequence for some y G X , then {g^} 
converges pointwise on X to some h G Iso{X). 

Proof. The proof is an immediate consequence of Lemma 15.51 (ii) if we 
set h : X X with h[xk] := [gk^k] for every [xk] G X. □ 

Corollary 15.61 enables the following equivalent expressions of the cor- 
responding sets defined in the introduction: 

Notation. 

H = {h G C{X,X) I there exists a sequence {gn} C Iso{X) 

with gn CO in Iso{X), {gnx} is a Cauchy sequence 
for some x E X and gn, ^ h in C{X, X)}. 

Xi = {y E X \ there exists a sequence {gn} C Iso{X) with 
gn ^ oo in Iso{X), such that {gnx} is a Cauchy 
sequence for some x E X and y = [gkx]}, 

denotes the set of the limit points of the action {I so{X) , X) in X. 

Xp = {y E X \ there exists a sequence {gn} C Iso{X) with 

gn ^ oo in Iso{X), such that {gnx} and {gn^x} are 
Cauchy sequences for some x E X and y = [gkx]}, 

denotes the set of the special limit points of {Iso{X), X) in X. 

Proposition 5.7. // {gn} is a sequence in Iso{X) such that gn ~^ f 
on X for some f in C{X,X), then g^n ^ f on X and f G Iso{X). 

Proof. If {gn} has a convergent subsequence {gn^} to some point g G 
Iso{X) then f = g on X. We will show that gn ^ ^ pointwise on X. 
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Take some y G X and an £ > 0. Then there exists some x G X such 
that d{x, y) < ^e. Since gnX — )■ gx, there is a positive integer uq such 
that d{gnX, gx) < | e for every n > uq. Hence, d{gny, 'gy) < e, for every 
n > no- 
Assume, now, that — )■ oo in Iso{X). Since on X, then 
{^fnO;} is a Cauchy sequence, for every x G X. Hence, by Corollary I5.6[ 
{^} converges pointwise to some h G Since fx = fx = hx 
for every x G X, then f = h on X. Note that if [x^] G X then /[x^] = 
h[xk] '■= [gk^k]- Next, we show that / is surjective. Let [y^] G X. 
Since gn f on X and fx & X for every x G X, then g~^ fx — )■ x. 
Hence, by Lemma 15.51 (i) and the Cauchy-indivisibility of the action 
(/so(X),X) we have that [g~i^^yk\ G X. Therefore, by Lemma [5751 
Oi), ^l/fc]> N) = limn^(^[^fc^yfc], = ^([^fc^fc^l/fc], bfc]) = 
[yk]) = 0. This finishes the proof. □ 

With the notation established in the introduction, we have 

Proposition 5.8. The set E is 

(i) the union Iso{X) U H, 

(ii) complete with respect to the uniformity of pointwise convergence 
on X , and 

(iii) a semigroup, the Ellis semigroup of Iso{X) in C(X,X), i.e. 
the pointwise closure of Iso{X) in C(X,X). 

Proof, (i) Take a sequence {g^} in Jso(X) such that ^ — )■ /i for some 
h E C{X,X). If {gn} has a convergent subsequence to some g G 

Iso{X) then, by Proposition 15.71 h = 'g E Iso{X). Let gn ^ 00 
in Jso(X) and take some x G X. Since ^x — )■ /ix, then {(7„x} is a 
Cauchy sequence in X therefore h E H . Items (ii) and (iii) follow 
from Lemmata 2.10 and 2.11 in [6] by noticing that a sequence {gn} in 
Iso{X) is Cauchy with respect to the left uniformity of Jso(X) if and 
only if {gnx} is Cauchy in X for every x G X. □ 

Remark 5.9. As the example in §6 shows, the Ellis semigroup E is not 
in general a group. However 

Proposition 5.10. The Ellis semigroup E is a group if and only if 
Xi = Xp. 

Proof. Assume that E is a group and let y E Xi. Hence, there is 
a sequence {gn) C Iso{X) with 5f„ — )■ 00 in Iso{X) and a map h G 
C(X, X) such that g^ ^ h pointwise on X and y = hx for some x G X. 



PROPERNESS, CAUCHY-INDIVISIBILITY AND THE WEIL COMPLETION 13 



Since E is a group then h has an inverse h^^. Thus gn^^ — ?■ h^^- The 
last imphes that {g~^x} is a Cauchy sequence in X, therefore y G Xp. 
To show the converse imphcation, assume that Xi = Xp and take 

some h e E. By Proposition ESI (i), h G Iso{X)UH. So, iih e Iso{X) 
obviously it has an inverse. Assume that h & H. Hence, there is a 
sequence {gn} C Iso{X) with (yf„ — )■ oo in Iso{X) such that gn ^ h 
pointwise on X. So [gnx] G Xi for every x E X. But Xi = Xp, hence 
{g:^^x} is a Cauchy sequence. Applying Corollary 15. 6[ h G Iso{X) so 
it has an inverse in E. □ 

Lemma 5.11. The set X U Xi is E-invariant. 

Proof. It is easy to verify that X and Xi are /so(X)-invariant. We 
will show that are also if- invariant. Let h & H and x G X. By 
the definition of H there is some sequence {gn} in Iso{X) such that 
(7„ — 7- oo in Iso{X) and gn ^ h pointwise on X. If [/^x] G X;, for some 
sequence {/„} C /so(X) and a; G X then, by Corollary 15. 6[ h[fnx\ = 
[gnfnx]- If the sequence {gnfn} has a convergent subsequence in Iso{X) 
then the Cauchy sequence {gnfnx} has a convergent subsequence in X, 
so it converges in X. So /^.[/ria;] = [gnfnx] G X. Otherwise (7„/rt — ?■ oo 
and /i[/„x] = [gnfnx] G X;. □ 

Theorem 5.12. The set X U Xp is the maximal subset of X U Xi that 
contains X such that the map 

w : E X (X U Xp) -> (X U Xp) X X 

with u{f, y) = {y, fy), f & E and y E X U Xp is proper. 

Proof We firstly show that the map w : E x (X U Xp) ^ (X U Xp) x X 
is proper. Since the evaluation map E x (X U Xp) — )■ X is isometric 
and action-like, according to §2, it suffices to show that the limit sets 
L{x) are empty for every x G X U Xp. Let {/„,} be a sequence in E 
such that fny — )■ z for some y E X U Xp and z := [zk] G X. 

Case I. Assume that y E X. If {/„} has a subsequence {fn^} iii Iso{X) 
then either the restriction of {/n^} on X has a convergent subsequence 
in Iso{X) hence, by Proposition 15.71 the sequence {fuk} converges 

pointwise to some point of Jso(X) C -E, or — )■ oo in Iso{X). In 
this case, since {fny} is a Cauchy sequence in X, the sequence {/„} 
converges pointwise to some point of if C -E" by Corollary 15. 6[ 

Assume, now, that {/„} is in H and consider the dense sequence 
D = {xi} in X which we used to define the metric 6; cf. Definition 15.21 
So, there is a sequence {xj„} in D such that Xj„ — )■ y. By the definition 
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of H and Proposition 15.31 there is a sequence {gn} in Iso{X) such that 

(5.1) K9nJn)<-^. 

Hence, using the form of the metric 5, we conclude that 
Moreover, 

d{9ny^ Z) < d{gnXi„,fnXiJ + d{fnXi^, /„?/) + d{fny, z) 

= d{gnXi^JnX^„) + d{xi^,y) + d{fny, z). 

Therefore, QnV z. Arguing as in the beginning of the proof, {gn} 
has a convergent subsequence to a point of hence by equation I5.H 
the same holds for the sequence {/«}. 

Case II. Assume that y G Xp. Hence, there exist a sequence {pk} C 
Iso{X) with — oo in Iso{X), an isometry hi G Iso{X) such that 
Pk ^ hi pointwise on X and hix := [pfco;] = ?/ for some x E X. If {/„} 

has a subsequence {/n^} in Iso{X) then either the restriction of {/n^} 
on X has a convergent subsequence in /so(X) hence, by Proposition 

\5.7\ the sequence {/n^.} converges pointwise to some point of Iso{X) C 
E, or — )■ oo in /so(X). If the later holds, then we will show that there 
is a Cauchy sequence of the form {fmPkiX} in X for some subsequences 
{/„,.} and {pki} of {fn} and {pk} respectively (the problem is that we 
do not know if {/„x} or {fnPnx} is a Cauchy sequence in X for some 
X G X). 

Let 2 be a positive integer. Since fn[Pkx] — z and 2; := [2;^] G X, 
there is a positive integer uq that depends only on i such that 

d{fn[PkX], [Zk]) < - 
I 

for every n > no(i). Therefore 

\im d{fnPkX,Zk) := 5(/„[pfex], [z^]) < - 

k I 

for every n > no{i). Hence, using induction, we may find strictly 
increasing sequences of positive integers {rii} and {ki} such that 

(5.2) d{fn,Pk,x,ZkJ < - 

for every positive integer i. Since {zki} is a Cauchy sequence then by 
equation 15. 2[ {fmPkiX} is a Cauchy sequence in X. 
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Now, either {fmPki} has a convergent subsequence in Iso{X) (with- 
out loss of generahty and for the economy of the proof we may assume 
that {fmPki} converges in Iso{X)) or /„.pfc. — )■ oo in Iso{X). In both 
cases, by Corollary 15.61 and Proposition 15.71 there is /i2 € C{X,X) 
such that fmPki = fniPki ^2 pointwise on X. We will show that 
fui /i2^r^ pointwise on X. Take w G X. Since hi E Iso{X), there 
is some u E X such that hi{u) = w. Hence 

= d{hiu,p^^u) + d{fn,Pk,u, h2u) 

which converges to 0, since Pk^ ^ hi and fmPki ^2 pointwise on 
X. Hence is a Cauchy sequence for every x G X. Since we 

assumed that — )■ oo in Jso(X) then, by Corollary l5.6[ {/„} converges 
pointwise on X to h2h'^^ E E . 

To finish the proof of the second case assume that {/«} is in H. Then 
arguing as in the first case we can show that {fn} has a convergent 
subsequence to a point of E. 

Next, we show that if F is a subset of X U X; that contains X such 
that the map 

w:Exr^rxx 

is proper then Y C XUXp. To see that take a point [gkx] G Y\X. This 
means that {gu} is a sequence in Iso{X) such that oo in Iso{X) 
and {gkx} is a Cauchy sequence in X. By Lemma [575] (ii). gnX — )■ [gux] 
and, by Corollary 15.61 {gn} converges pointwise on X to some h G 
C(X,X). Note that x G X C F. Since gnX — > [gkx] and gn preserves 
the metric d then gn~^[gkx\ — )• x. Hence, by the properness of cj, we 
may assume that {gn~^} has a subsequence {^~^} that converges 
pointwise to some f E E. This makes h a surjection, hence h G Jso(X). 
Therefore, [gkx] G Xp, so F \ X C Xp. □ 

Note that, as the following example shows, it may happen that Xp = 
Xi 7^ 0, X U Xp 7^ X and the set X U Xp is not the maximal subset of 
X such that the action {E, X U Xp) is proper. 

Example 5.13. Take 

X := {(x, y) G M I X G Q + 72 N, y > }, 
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endowed with the Euchdean metric. Its group of isometries is the 
additive group of the rational numbers acting by horizontal transla- 
tions. Therefore, {Iso{X),X) is Cauchy- indivisible. Obviously X is 
the closed upper half plane, Xp = Xi ^, X U Xp is the open upper 
half plane and E is the additive group of the real numbers acting by 
horizontal translations on X. Hence E acts properly on X. 

Remark 5.14. The sets Xp and Xi constructed in Theorem 15.121 are 
optimal in the sense that if one may think to replace the sets Xp and 
Xi with the following more general sets 

X;* = {y G X \ there exist a sequence C Iso{X) and some x G X 
such that oo in Jso(X), {gnx} is a Cauchy sequence and 

y = [gkXk], for some [xk] e X}, and 
X* = G X I there exist a sequence {(?„} C Iso{X) and some x E X 
such that (yf^ — )■ oo in Jso(X), {gnx} and {g~^x} are Cauchy 
sequences and y = [gkXk], for some [xk] G X} 

and ask if the set X U X* is the maximal subset of the completion 
X such that the map u* : E x {X U X*) (X U X*) x X with 
^*{.fi y) = (z/j fy)y f ^ E and ?/ G X U X* is proper this is not true in 
general. This follows from the following assertion and Example 15.151 
which shows that there is a metric space X such that (/so(X),X) is 
Cauchy-indivisible, Xp 7^ and the map u* as above is not proper. 

Assertion. If X* 7^ (equivalently Xp ^ 0) then X* = X. 

Proof. Let y = [xk] in X. By assumption, there exist a sequence {gn} C 
Iso{X) and a point x G X such that gn ^ 00 in Iso{X) and the 
sequences {gnx}, {g~^x} are Cauchy. By Lemma 15. 5[ {gnXn} is a 
Cauchy sequence in X and 5'^^[5'fcXfc] — t- [gk^gk^k] = [xfc] = y. Hence, 

y e x;. □ 

Example 5.15. The example is a combination of Example 14.31 and of 
a 3-dimensional variation of the "river metric" [5, Example 4.1.6]. Let 

X = {{x,y,z) \ X eQ + V2N, yeQ + V2N, z>0}. 

For every pair of points Wi = (xi, yi, Zi), W2 = (x2, 1/2, -^2) ^ ^ define 



d{wi,W2) :-- 



\yi - y2\ + \ZI - Z2\, ifXi=X2 

\yi\ + I1/2I + |xi - X2I + \zi - Z2I if Xi 7^ X2. 
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We can easily verify than d is a metric on X. The group of isometries 
Iso{X, d) consists of all the maps g : X X oi the form 

g{x,y,z) = {x + p,y + q,z), p,qeQ. 

The action {Iso{X), X) is Cauchy-indivisible since X does not contain 
the xy-plane (the last coordinate of the points of X is positive). Then 

Xp = {{x,y,z) \ X eQ + V2N, yeR, z>0}. 

To see that take x E Q + \/2N, y eM. and z > and choose k eN such 
that y — \/2k ^ Q. Let be a sequence of rational numbers such 
that Qn ^ y — \/2k. Hence, if we let {gn} C Iso{X) with (7n(x, y, z) : = 
(x, y + g„, z) then gn{x^ a/2/c, z) = {x, + \/2fc, z) — )■ (x, ?/, z). Hence 
{x^y^z) E Xp. Observe that 

X = {{x,y,z) \ X eQ + V2N, y eR, z>0}, 

and E consists of all the maps g : X ^ X with 

g{x, y,z) = {x + p,y + r,z), p eQ, r eM. 

However, the map Q: ExX-^XxX with uj{f,w) = {w,fw), 
f E E and w E X is not proper since if we take a sequence of rational 
numbers {pn} such that Pn \/2 and let {gn} C E with gnix, y, z) = 
{x+pn, y, z) then gn{x, 0, 0) -> (x+v^, 0, 0) for each x G Q+\/2 N. The 
sequence {gn} diverges in E since for instance the distance of the points 
gn{\/2, a/2, 1) = (g„ + a/2, a/2, 1) from any point of X is eventually at 
least a/2. Hence the limit set L((x, 0,0)) is not empty. 

A question that arises naturally from Theorem 15.121 is if the action 
of the Ellis semigroup E' on X U X; is proper. Surprisingly, as the fol- 
lowing proposition shows, this is equivalent to the existence of a Weil 
completion (with respect to the uniformity of pointwise convergence) 
for the group Iso{X). Before we give the statement let us recall a few 
things about the Weil completion of Jso(X), defined in the introduc- 
tion. The uniformity of pointwise convergence on X coincides with the 
left uniformity of Iso{X) (cf. [21 Ch. HI, §3.1 and Ch. X, §3 Exercise 
19 (a), p. 332]) and Iso{X) has Weil completion with respect to this 
uniformity if the left and the right uniformities coincide; cf. [2, Ch. 
HI, §3.4 and §3 Exercise 3, p. 306]. Note that the left completion 
of Iso{X) does not depend on the choice of a left-invariant metric on 
/so(X); cf. Lemma 2.9 in [6]. 

Proposition 5.16. The following are equivalent: 
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(i) The map 

a; : E X (X U X,) ^ (X U X,) X X 

is proper. 

(ii) E is a group (precisely a closed subgroup of Iso{X)). 

(iii) Iso{X) has a Weil completion with respect to the uniformity of 
pointwise convergence (in this case E is the Weil completion of 
Iso{X)). 

Proof. We show that item (i) imphes item (ii) and vice versa. Suppose 
that u} is proper. Take some h E E. Since E is a semigroup, cf. 
Proposition 15.81 (iii), we have only to show that h has an inverse in E. 

If /i = ^ G Iso{X) for some g G Iso{X), then g~^ is the inverse of h in 
Iso{X) G E. If h E H there is a sequence {gn} in Iso{X) such that 
(7„ — > oo in Jso(X) and gn ^ h pointwise on X. Hence, if x G X then 
gnX — 7- hx. Since gn preserves the metric d then gn~^hx = g^^hx — )■ x. 
By Lemma 15. IH hx E X U X;, hence, by the properness of co, {g~^} 
has a convergent subsequence {gn^} to some f E E. This makes h 

a surjection, hence h E Iso{X) and h has an inverse in E. To show 
the converse imphcation note that if £^ is a group then Xi = X^; cf. 
Proposition 15. lOl Hence, by Theorem \5.12\ the map u is proper. 

To finish the proof of the proposition let us show that item (iii) im- 
plies item (ii) and vice versa. Note that Jso(X) has a Weil completion 
if and only if the map with g g~^ for every g E Iso{X) maps Cauchy 
sequences of Iso{X) to Cauchy sequences; cf. [21 Ch. Ill, §3.4 Theorem 
1]. It is easy to check that in case when Jso(X) is Cauchy-indivisible 
this is equivalent to X; = Xp. Equivalently, by Proposition 15.101 E is 
a group. □ 

Remark 5.17. In case when Iso{X) is a locally compact group, e.g. if 
X is a locally compact space and Jso(X) acts properly on it (as it is 
known in the case X is connected), then by [2], Ch. Ill, §3 Exercise 8, 
p. 307], Jso(X) has a locally compact completion hence E is a. locally 
compact group. 

We summarize with the following 
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Corollary 5.18. If E is a group the action {Iso{X), X) is embedded 
densely in the proper action {E,X U Xi) such that the following equi- 
variant diagram commutes 

(/so(X),X) -X 

{E,XUXi) 

where X ^ X U Xi is the inclusion map and the map Iso{X) — E 
is defined by g 9 for every g G Iso{X). By the word "densely" we 

mean that X is dense in X U Xi and Iso{X) is dense in E. 

Question 5.19. The above embedding of a Cauchy- indivisible action as 
a dense sub-action of a proper one establishes a remarkable connec- 
tion between Cauchy-indivisible and proper actions. And at the same 
time proposes an interesting question: Is there any analogy with the 
situation of embedding of a proper action (on a locally compact and 
connected space) in an appropriate zero-dimensional compactification, 
like in pj and [H]? Namely, can we obtain any structurally informative 
correspondence between divergent nets in Iso{X) and suitable subsets 
of X,? 

Remark 5.20. As we will see in the example described in §6 it may be 
happen that Xp ^ Xi and X V} Xi = X\ cf. Proposition 16.81 

In view of possible questions for refinements of Corollary 15.181 we 
note that it may happen that X U X^ = X and E is not dense in 
Iso{X), as the following example shows: 

Example 5.21. There is a separable metric space {X,d) such that 
{Iso{X), X) is Cauchy-indivisible, proper, X U Xp = X and Iso{X) 
has a Weil completion which does not coincide with the group Iso{X). 

Proof. Let X be the set Q + \/2 N endowed with the Euclidean metric; 
cf. Example 14.31 It is easy to check that XUXp = XUXi = R, see also 
Example 15. 15^ hence by Propositions 15.101 and 15. 16^ Iso{X) has a Weil 
completion (or just observe that Iso{X) is an abelian group and use 
[21 Ch. Ill, §3.5 Theorem 2]). But all the reflections of the space are 

excluded, hence the pointwise closure E of Iso{X) does not coincide 
with /so(M). □ 
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6. An example of a proper Cauchy-indivisible action of a 

GROUP WHICH HAS NO WEIL COMPLETION 

In this section we show that there is a separable metric space X such 
that the action {Iso{X),X) is proper, Cauchy-indivisible and the Ellis 
semigroup E is not a group. Equivalently, in view of Proposition I5.16[ 
Iso{X) has no Weil completion. Consider the space of the integers Z 
with the discrete metric d, that is if m, n G Z then d{m, n) = Oifm = n 
and (i(m, n) = 1 otherwise. The group of isometries Iso{Z) consists of 
all the self bijections of Z and is an example of a topological group that 
has no Weil completion. To see that take : Z — )■ Z with fnZ = z for 
— n < 2; < 0, fni—n) = and fnZ = z + 1 otherwise. Then it is easy to 
verify that /„ — )■ /, where fz = z for z < 0, and fz = z+l for z > 0. 
Hence {fnz} is a Cauchy sequence in Z for every z G Z, therefore 
{/„} is a Cauchy sequence in Jso(Z) with respect to the uniformity 
of pointwise convergence on Z. But {fn^O} = {—n} is not a Cauchy 
sequence, thus {/^^} too. So, by [H Ch. Ill, §3.4 Theorem 1], /so(Z) 
has no Weil completion. The problem is that the action ( Jso(Z) , Z) 
is not Cauchy-indivisible. To see that notice that {/^^l} = {0} but 
{/~^0} = {— n} is not a Cauchy sequence. Nevertheless, the group 
/so(/so(Z)) is Cauchy-indivisible and has no Weil completion as we 
show in the following. 

Take an enumeration A = {zi} of Z and equip Iso{Z) with the metric 

00 ^ 

Q{f,9) = d{fzi,gzi) 
i=i 

for f,gE Iso{Z). In view of Proposition l5.3l the uniformity of pointwise 
convergence, the left uniformity and the uniformity induced by g on 
Iso{Ij) coincide (the choice of | instead of | in Definition 15.21 will be 
clarified in the proof of Lemma [5TT]) . Note that (/so(Z), q) is a separable 
metric space. We will show that Jso(/so(Z)) is Cauchy-indivisible but 
has no Weil completion. 

Lemma 6.1. //T G /so(/so(Z)) and f,g E /so(Z) then 

d{T{f)z,T{g)z) = difz,gz) 

for every z eTL. 

Proof. Since g{T{f),T{g)) = g{f,g) then 

00 ^ 00 ^ 

XI ^ d{T{f)zi,T{g)zi) = d{fz^,gz^). 
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Since the values of d are or 1 then d(T{f)zn,T{g)zn) = d{fzn, gzn), 
for every Zn E A = Z (here is the role of the choice of | instead of 
i). □ 

Proposition 6.2. If T e Iso{Iso{Z)) and f G Iso{Z) then T{f) = 
T(e) o /, where e is the unit element of Iso{Z). 

Proof. Let Zk, zi be two distinct integers and let g G Iso{Z) be such that 
gzk = zi, gzi = Zk and gz = z elsewhere. We show that T{g) = T{e)og. 
U z ^ Zk, zi then, by Lemma [6?T| d(T{g)z, T{e)z) = d{gz, z) = 0. Hence 
T{g)z = T{e)z = T(e) o gz. Moreover 

d{T{g)zk,T{e)zk) = d{gZk,Zk) = d{zi,Zk) = 1 

and, similarly, d{T{g)zi,T{e)zi) = 1. Since T{g)zk ^ T{g)z = T{e)z 
for z 7^ Zk, zi and T(e) is surjective then T{g)zk = T{e)zi = T(e) o gzk 
and, similarly, T{g)zi = T(e) o gzi. Therefore T{g) = T(e) o g. 

Fix / G Iso{'L) and some z G Z. If fz = z then T{f)z = T{e)z = 
T{e)ofz since d{T{f)z, T{e)z) = d{fz, z) = 0. If fz z, let g G /so(Z) 
with gz = fz, gfz = z and gw = w elsewhere. Since d(T{f)z, T{g)z) = 
d{fz,gz) = then T{f)z = T[g)z. Using the result of the previous 
paragraph, T{f)z = T{g)z = T{e) o gz = T(e) o fz. Since z was 
arbitrary then T(/) = T(e) of. □ 

Corollary 6.3. Let L,T e Iso{Iso{Z)). Then L o T(e) = L(e) o T(e) 
and T-\e) = (T(e))-i. 

Proof. Since T(/) = T(e)o/ for every T G Iso{Iso{Z)) and / G Iso{Z), 
then 

L o T(/) = L(T(/)) = L{e) o T(/) = L{e) o T(e) o /. 

Hence, L(e) oT(e) = LoT(e). If / denote the identity on Iso{Iso{Z)), 
then / = /(/) = /(e) o /. Hence J(e) = e and T-\e) = {T{e))-\ □ 

Proposition 6.4. The map B : Iso{Iso{Z)) Iso{Z) with B{T) = 
T(e) is a uniform group isomorphism with respect to the uniformities 
of pointwise convergence on the underlying spaces Iso{Z) and Z respec- 
tively. 

Proof. By Proposition 15.31 we can equip I so{I so{Z)) with a left in- 
variant metric a such that the uniformity of pointwise convergence, 
the left uniformity and the uniformity induced by a on /so(/so(Z)) 
coincide. Let Ln,Tn G Iso{Iso{Z)) such that cr(Ln,T„) — )■ 0, hence 
a{T~^Ln, I) — )• 0. Therefore T~^Ln — )■ / pointwise on IsoiZ) so 
T~^Ln{e) — )■ e, thus g{Ln{e),Tn{e)) — )■ 0. For the converse, note that if 
g{T-^Ln{e),e) ^ then g{T-'L^{e) o /, /) ^ for every / G Iso{Z) 
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since the map Iso{'L) — )■ Iso{'L) with g gf is continuous. Hence 
T~^Ln — )■ / pointwise on Iso{Z). Corollary 16.31 imphes that B is also 
group isomorphism. □ 

Proposition 6.5. The group Iso{Iso{Z)) is Cauchy-indivisible and 
has no Weil completion. 

Proof. Let us show firstly that /so(/so(Z)) is Cauchy-indivisible. Let 
{T„} C Iso{Iso{Z)) and / G Iso{Z) such that {T„(/)} is a Cauchy 
sequence in Iso{Z). Take some g e Iso{Z). Since {T„(/)} is a Cauchy 
sequence in IsoiZ) then, it is easy to see that{T„(/)z} is a Cauchy 
sequence for every z G Z. Equivalently, {Tn{f)f~^gz} is a Cauchy 
sequence for every z G Z. By Proposition 16. 2[ 

Tnif)r^gz = T„(e) o = T„(e) o 512; = T„(5()2;. 

Therefore {T„((7)} is a Cauchy sequence in Iso{Iso{Z)) for every (7 G 
IsoCZ), hence Iso{Iso{'L)) is Cauchy-indivisible. 

Since by the previous proposition the groups I so{I so{Z)) and Iso{Z) 
are uniformly isomorphic and the group Iso{Z) has no Weil completion 
then the same also holds for Iso{Iso{Z)). □ 

Proposition 6.6. The action {I so{I so{Z)) , I so{Z)) is proper. 

Proof. Let f,g E Iso{Z) and {T„} C Iso{Iso{Z)) be a sequence such 
that Tn{f) — )■ g. Hence, by Proposition 16.21 T„(e) o / — )■ (ji thus 
^n(e) — )■ 5'/"^. Therefore {^^(/i)} converges for every h G Iso{Z). 
Since (T„(e))^^ — )■ /^f"^ it is easy to verify that {T„} converges in 
Iso{Iso{Z)) hence the action {I so{I so{Z)) , I so{Z)) is proper. □ 

Remark 6.7. Notice that Iso{Iso{Z)) is not locally compact since has 
no Weil completion (/so(Z) is, of course, not locally compact). 

In the following proposition we give a precise description of the sets 
X, Xp, Xi and E for the action {Iso{Iso{Z)), Iso{Z)). 

Proposition 6.8. The following holds. 

(i) The pointwise closure of IsoiZ) in the set of all selfmaps of Z 
consists of all the injective selfmaps ofZ and coincides with the 
completion of (/so(Z), g). 

(ii) The set Xp is empty and the set Xi consists of all the injective 
selfmaps of Z which are not surjective. Moreover, the comple- 
tion of (/so(Z), g) coincides with the set X U Xi. 

(iii) The Ellis semigroup E is uniformly homeomorphic to the semi- 
group of all injective selfmaps ofZ. 
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(iv) For every non-surjective map f in the completion of {Iso{'L)^ g) 
(that is f does not belong to Iso{'L)) there exists a sequence 
{T„} C E with Tn ^ oo in E and Tn{f) — /. Hence, E does 
not act properly on the completion of (/so(Z), g). 

Proof, (i) Consider an injective map / : Z — )■ Z. There is a strictly 
increasing sequence of sets A„ C Z (with respect to the inclusion) such 
that each An contains finitely many points and contains also the sets 
[— n, n] and /([— n, n]), for every n G N. Define Qn G Iso{'L) such that 
the restriction of Qn on is a permutation which coincides with / on 
the interval [—72,^] and Qn is the identity on the complement of A^. 
Hence, Qn ^ f pointwise. 

(ii) Assume that Xp ^ 0. Then there exist a sequence {T„} C 
Iso{Iso{Z)) and a map / G Iso{Z) such that {T„(/)} and are 
Cauchy sequences in Iso{'L) and T„ — > oo. The Cauchy-indivisibility 
of the action (/so(/so(Z)), /so(Z)) (cf. Proposition 16.51) implies that 
{T„(e)} and {T~^(e)} are Cauchy sequences in /so(Z), where e de- 
note the unit element of /so(Z). Hence, for every 2; G Z the se- 
quences {T„(e)(z)} and {T~^[e){z) = (T„(e))~^(z)} are Cauchy in Z 
(cf. Corollary 16. 3p . Thus, for every 2; G Z the sequences {T„(e)(z)} 
and {(Tn{e))^^ (z)} are eventually constant. So, there exist injective 
selfmaps g,h of Z such that T„(e) — )■ g and (^^(e))"^ — )■ h. Obviously, 
h = g~^. This shows that g G Iso{'L). The properness of the action 
(/so(/so(Z)), Jso(Z)) (cf. Proposition 16. 6p implies that the sequence 
{T„} has a convergent subsequence in /so(/so(Z)) (actually, by the 
proof of Proposition 16. 6[ the whole sequence {T„} converges) which is 
a contradiction. Therefore Xp = 0. 

By item (i) it follows that Xi is contained in the semigroup of all the 
injective selfmaps of Z which are not surjective and by the same proof 
it follows that if / is a selfmap of Z which is not surjective then there 
exists a sequence {gn} C Iso{1j) such that gn ^ f pointwise on Z. Set 
Tn G I so{I so{Z)) with T„(e) = gn (that is T„(/i) = Tn{e) o h = gnh for 
every h G /so(Z)). Then T„ — )■ 00, {T„(e)} is a Cauchy sequence in 
Iso{Z) and T„(e) — )■ /, hence f E Xi. 

By item (i) a map in the completion of (/so(Z),^) is an injection 
Z — 7- Z. If this map is also a surjection then it belongs to X = /so(Z) 
and if it is not a surjection then it belongs to Xi. Hence, the completion 
of (/so(Z), g) coincides with the set X U Xi. 

(iii) It follows easily by Proposition 16.41 

(iv) Let / be in the completion of (/so(Z), g) but does not belong 
to Iso{'L). Hence, / is not surjective. Take a point z ^ /(Z). There 
is a strictly increasing sequence of sets A„ C Z such that each An 
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contains finitely many points and contains strictly the sets {z}, [—n, n] 
and f{[—n,n\), for every n E N. Define Qn € Iso{'L) such that the 
restriction of Qn on is a permutation with the property Qn is the 
identity on the set /([— n, n]), g^z > n and is the identity on the 
complement of A^. Hence, Qn ° f ^ f pointwise and since / is not 
surjective then (yf„ — )■ oo in Jso(Z). Set T„ G Iso{Iso{Z)), as above, 
with Tn{e) = Qn- Then T„ — i- oo in because T„(e) = Qn ^ oo m. 
IsoiZ) and r„(/) = o / ^ /. □ 



7. Sections, Borel Sections, Fundamental Sets and 
Cauchy-indivisibility 

As it is indicated in the introduction a section of an action (G, X) 
is a subset of X which contains only one point from each orbit. If a 
section is a Borel subset of X it called a Borel section. Concerning the 
existence of Borel sections, if (F, d) is a separable metric space and TZ 
is an equivalence relation on Y such that the 7^-saturation of each open 
set is Borel, then there is a Borel set S whose intersection with each TZ- 
equivalence class which is complete with respect to d is nonempty, and 
whose intersection with each 7?.-equivalence class is at most one point; 
cf. [TJ Lemma 2]. The problem of the existence of a Borel section 
for a continuous Polish action is of remarkable significance because the 
existence of a Borel section is equivalent to many interesting facts, like 
that the underlying space has only trivial ergodic measures, the orbit 
space has a standard Borel structure and it has no non-trivial atoms. 
Recall that an action (G, X) is called Polish if both G and X are Polish 
spaces, i.e. they are separable and metrizable by a complete metric. 
Keeping the previous in mind we have the following: 

Proposition 7.1. If the Ellis semigroup E is a group then the action 
{E, X U Xi) has a Borel section. 

Proof. Assume that the Ellis semigroup E is a. group. Since by Propo- 
sition 15.101 we have Xi = Xp and by Proposition 15.161 the map u : 
Ex (XUXi) ^ (XUXi) xX is proper then each orbit Ex, x e XUXi 
is closed in X. Hence, by [71 Lemma 2] there exists a Borel set C X 
such that S n {X U Xi) is a Borel section (with respect to the relative 
topology of X U X;) for the action {E, XUXi). □ 

A very useful notion in the theory of proper actions on locally com- 
pact spaces with paracompact orbit space is the notion of a fundamen- 
tal set. 
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Let G be a topological group which acts continuously on a topological 
space X and A,B <z X. Let us call the set Gab ■— {g & G : gAoB ^ 
0} the transporter from Aio B. 

Definition 7.2. A subset F of X is called a fundamental set for the 
action (G, X) if the following holds. 

(i) GF = X. 

(ii) For every x G X there exists a neighborhood V G X of x such 
that the transporter Gyp of y to F has compact closure in G. 

For locally compact spaces we can replace condition (ii) with the 
following equivalent condition. 

(iia) The transporter Gkf from K to F has compact closure in G 
for every non-empty compact subset K of X. 

Note that the existence of a fundamental set implies that the action 
group G is locally compact and the action (G, X) is proper. 

The notion of a fundamental set is relative to the notion of a section 
but it is different in general, in the sense that there are cases where 
a section is a fundamental set, a fundamental set fails to be a section 
and cases where a section fails to be a fundamental set. A section 
may not be Borel or even if it is Borel may not to be contained in any 
fundamental set as the following example shows. 

Example 7.3. The action (Z, R) with {z,r) t-^ r + z, z E Z,r E R 

is proper and it has a Borel section which is not contained in any 
fundamental set. Indeed, it is easy to see that the set S* := ([0, 1) \ 
UneNinJ") ^ UnePji^ + nJ" ^ scctiou bccausc the interval [0, 1) is a 
section (and a fundamental set) for the action (Z, IR). Take an open 
ball B centered at with radius £ > 0. Then there exists G N such 
that ^ < £ for every n> uq. Let A be a subset of M that contains S. 
Hence {n\n> Uq} is a subset of the transporter C Z^^, so A can 
not be a fundamental set. 

It is also possible to construct a section which is not Borel. Take 
a set D C [0, 1) which is not a Borel set and consider the set 5*1 := 
-DU{x + 2|xgM \ D}. Obviously Si is a section which is not a Borel 
subset of the reals. 

Nevertheless sections, Borel section and fundamental sets have a very 
strong connection as the following theorem shows. 

Theorem 7.4. Let G he a locally compact group which acts properly 
on a locally compact space X, and suppose that the orbit space G\X is 
paracompact. Let S he a section for the action {G, X) . Then 
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(i) For every open neighborhood U of S we can construct a closed 
fundamental set Fc and an open fundamental set F^ such that 
FeCF.C U. 

(ii) //, in addition, {X, d) is a separable metric space, in which case, 
by Theorem \3.3\ the action {G, X) is Cauchy-indivisible, then 
there exists a Borel section Sb, which is also a fundamental 
set, such that Sb C Fc C Fo C U. 

Proof, (i) Since U is open it is a union of open balls, let say Si, i E L 
Let p : X — 7- G\X be the natural map x t— )■ Gx. Then p{Si), i G / is 
an open covering of the locally compact and paracompact space G\X. 
Hence, there is a locally finite refinement {W^j}, j E J which consists of 
open subsets of G\X with compact closures such that Wj C p{Si^), for 
some ij E L Now we can follow the classical proof for the existence of 
fundamental sets; cf. [H Lemma 2, p. 8]. Let {Vj} be an open covering 
of G\X such that Vj C Wj for every j G J. Fix an index j E J 
and consider the restriction of the natural map p : X — )■ G\X on the 
open ball Si^ . Since S^. is locally compact then there exist an open set 
Ui. C Si^ with compact closure and a compact set Ki. C Ui. C Si^ such 
that p(f/,J = Wj and = Vj. Let := J, K,^ and F„ := [j. U,^. 

The family {f/j is locally finite in X hence the set Fc is closed; 
cf. 121 Ch. I, §1.5 Proposition 4]. Moreover, GFc = X. Take a point 
X & X and neighborhood A of x with compact closure. Since the 
covering {Wj}j^j is locally finite, then the transporters Gau^. from A 
to Ui- are non-empty for only finitely many j G J. Since the sets A 
and Ui - have compact closure and the action {G, X) is proper, then the 
transporter GaFo of ^ to Fg has compact closure in G. Thus, Fc and 
Fo are fundamental sets and by construction Fc C Fo C U. 

(ii) Let Fc a closed fundamental set for the action {G, X) like in 
item (i). Define a relation TZ on Fc with xTZy, x,y E Fc if and only 
if 1/ G Gx. We will find a Borel section for the closed fundamental 
set Fc with respect to the previous natural relation on Fc and then 
we will show that it is, also, a Borel section for the action {G,X). 
Obviously TZ is an equivalence relation on the separable metric space 
{Fc,d). Since the action {G,X) is proper each orbit Gx is closed in 
X, for every x E X. The 7^-equivalence class of a point x E Fc is 
Gx n Fc, hence it is a closed subset of X, thus it is complete space 
with respect to the metric d. If U is an open subset of Fc with respect 
to the relative topology of Fc then the 7?.-saturation of U is the set 
GU n Fc which is open in Fc hence it is a Borel set. Therefore we can 
apply [Ii Lemma 2] to find a Borel section Sb C Fc for the equivalence 
relation TZ. Moreover, Sb is a Borel section (and a fundamental set) 



PROPERNESS, CAUCHY-INDIVISIBILITY AND THE WEIL COMPLETION 27 



for the action {G,X), since it is contained in the closed fundamental 
set F^. □ 

Remark 7.5. Note that the assumption that the orbit space G\X is 
paracompact is automatically satisfied for proper isometric actions. 
Actually they are metrizable by the metric defined by 

p{Gx, Gy) := 'm.i{d{gx, hy) \g,h ^ G} = inf hy) \ h & G} 

where G = Iso{X) or E. So we can apply Theorem 17.41 in both cases. 

Question 7.6. As Theorem I7.4( ii) indicates the notion of a Borel sec- 
tion is remarkably related to that of a fundamental set in the locally 
compact case and may be, similarly, used for structural theorems. Note 
that the Borel section Sb, because of its construction, is a "minimal" 
fundamental set for the action (G, X), that is for each point x G X the 
transporter G{x}Sb — for some g & G. So, it is interesting to ask 
whether the existing Borel section for the action {E,X U Xi) can be 
reduced to a Borel section for the initial action {Iso{X), X). 
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